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1. Formulation of the problem

We will consider a discrete game!~# in R4 space, described by the following system of equations of motion
z(n+1) = F(z(n),u,v), ne N =1{0,1,2,...}, ue P, veQ (1.1)

Here u is the control parameter of the pursuer, v is the control parameter of the evader, P and Q are non-empty compact subsets of spaces
RP and RY, respectively, and F:R? x P x Q— R is the specified continuous mapping. Below, a non-empty terminal set M is singled out in R€.

Each sequence u(-): N— P is called a pursuer control, and a mapping of the type V:N x R? — Q is called an evader strategy. If the initial
point zq is specified, the pursuer chooses strategy V and the evader chooses control u(-). Then the set (zo, u(-), V) clearly generates the
trajectory z(-): N— Rd, which is defined by the recurrence formula

z2(n+1) = F(z(n), u(n), V(n, z(n))), z(0) = z,

(Hence, in Eq. (1.1), u=u(n) and v=V (n, z(n))).

By definition, from the point zy € R? evasion is possible if an evasion strategy V exists such that, for any pursuer control u(-), the trajectory
Z(-) generated by (z, u(-), V) does not fall on the terminal set, i.e. z(n)¢M for all n e N. If evasion is possible from each point zy € R4/M, then
we say that, in game (1.1), evasion is possible.>

We will assume that the terminal set M is a convex polyhedral set described by the relations

Bpr)<ay, i=12..,m (12)

where f; are non-zero vectors, «; are specified numbers and (-,) is a scalar product. The following assertion has been proved (Ref.> the
corollary of Theorem 1; withj=1).

Theorem 1. For evasion in the discrete game (1.1) to be possible, it is sufficient for the condition N ¢ M to be satisfied, where

N = {z|maxmin[([3,», F(z, u,v))—oc,.]|SO}, Ve Q, ueP 13)

This easily proved assertion is entirely effective. For example, suppose the game (1.1) is linear, i.e.; F(z, u, v)=Az—u+v. In this case, the set

N will also be a convex polyhedral set:

N = (’% {z|(A*B,, z) —max (P, u) +m$1x([3i, v)<a,}

i=1
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where A* is a transposed matrix. Therefore, checking the condition N ¢ M reduces to the problem of the theory of inequalities,® which
is solved in a finite number of steps. Below, using criterion (1.3), the condition is derived for possible evasion in a discrete version of the
“hamstrung car” game, the equation of motion of which is non-linear (Ref.,” p. 46).

2. Derivation of the condition for evasion

In the “hamstrung car” game, the pursuer moves in the R? plane with maximum speed p, and the curvature of its trajectory should
not exceed the magnitude r—1, r>0. The speed of motion of the evader (it is assumed that it is inertialess) does not exceed o. In reduced
coordinates, the game is described by the system (Ref.,” p. 48).

X = —prﬁluy+vlo, y = pr"ux+vzc—p; lul <1, Jvi"+v§$l 1)

where u is the control parameter of the pursuer and v=(v1, v3) is the control parameter (velocity vector) of the evader. The values of these
parameters must satisfy the constraints given above, and the condition for the game to be completed in the continuous case has the form

2. 2_72
x +y <l (2.2)

where [ is the capture radius, [> 0.
It has been asserted (Ref.,” p. 293) that, if the inequality

llr<Al —Yz+yarcsiny—l (2.3)

is satisfied, where y = o/ p, then the set of phase points (the evasion zone) from which completion of pursuit is possible consists of the circle
(2.2) and a curvilinear triangle joined to it, and it was concluded that inequality (2.3) is the evasion condition. There is no reason to doubt
this conclusion, but it must be pointed out that condition (2.3) was obtained using the heuristic method of characteristics, the application
of which requires strict substantiation, which is far from simple (see Ref.).® Furthermore, condition (2.3) is derived by refined analytical
calculations. Below, a sufficient condition for evasion in the discrete analogue of the “hamstrung car” game is obtained using Theorem 1
given above.

Replacement of the derivative dx/dt by the relation (x(n+1)—x(n))/h, h> 0, Q, converts the system of differential Eq. (2.1) into a discrete
system in the form of (1.1), namely.,

x(n+1) = x(n)- r‘lhpuy(n) +Vv,ho, y(n+1) = y(n)+ rilhpux(n) +Vv,hG — hp (2.4)

This system will be investigated on condition that the above constraints imposed on the control parameters n and v are satisfied, and with
the terminal set replaced by the triangle

M= {(x,|y20,y+kx<kl, y—kx<kl}, k>0 (2.5)

(This replacement is an attempt to bring the set M as close as possible to the zone of capture in the differential game (see Ref.,” Fig. 9.1.2¢)).

Note that earlier® the set M was replaced by the square {(x,y): —I <x,y <I}, as a result of which the evasion condition obtained was
ineffective, since, for fairly small h, evasion is only possible if o > p. Below, we will assume that y =o/p <1, which is natural for the evasion
problem.

Lemma. We will assume that
I +121 (2.6)

(or, which is equivalent, k2 > (1 + +/5)/2). A positive number hg then exists such that, when he(0,hg), the condition

Ur< YNk + 1= 1)K 2.7)

is sufficient for possible evasion in the game considered.

Note that the parameter k participants in condition (2.7). The evasion condition will be best if the maximum is taken on the right-hand
side of condition (2.7) with respect to k, k2 > (1 + +/5)/2. Suppose yg = 2/+/5. Then, this maximum is equal to (1 — /1 — y2)/2 if y <y,
and equal to y — (v/5 — 1)/2 if y > . Thereby we have the following theorem.

Theorem 2. The condition

. (1-N1-y")2, if y<y,

Y-(SB-1D72, if >y,

l/R

(2.8)

is sufficient for possible evasion in game (2.4), (2.5) when he(0,hq).

Let us compare condition (2.8) with the Isaacs criterion (2.3). Fig. 1 shows graphs of the left-hand sides of inequality (2.3) (the dashed
curves) and inequality (2.8) (the continuous curves) against the ratio y =o/p. It can be seen that, at low values of the ratio I/r, the range of
v values satisfying condition (2.8) is fairles close to the range of values from condition (2.3).

Proof of the lemma. We will construct in implicit form the set N corresponding to the discrete game considered. In the given case, the
set M is a triangle defined by formula (2.5), so that (see inequality (1.2))
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Fig. 1.

Bo = (0,-1), B, = (ek, 1), &y =0, a =kl; €=+l
The inequality

maxmin{B,, F(z, u,V)) -0, <0
v u

has the form
-V »—hpr"lxl +h(p+06)<0 mpu € = 0
gkx +y—hpr '|x—eky| - W<0 npu € = x1; W = hp +kl—hm/;2_1—l (2.9)
Thus, the set N is defined by relations (2.9), i.e., N is a polygon bounded by the lines Ly and L., specified respectively by the equations
~.\~-hpr_1|x| +h(p+0) =0 wu ekx+y-hpr"1|x—eky| -W=0
where e=+1.

Elementary calculations indicate that N is a non-convex pentagon (see Fig. 2) with vertices at the points A(0,a), B(eb, b/k), Ce(exc, yc)
and D(0, d), where

a = Wrl(r—khp), b = rkh(p+06)/(r+khp), d = h(p+0)

x. = r(—kh’p(p +6) + rkl - rho(1 + k> +1))S”"

-
Il

y. = rh(rk(p +©) - 2hp> —klp — hpo(1 - Jk> +1))S™"

S = r’k-2rhp - kh’p*

We will derive the conditions which ensure the inclusion N ¢ M, taking into account that h<(2)~!r. For the inclusion N ¢ M to occur, it
is sufficient to check the conditions A€ M and C; ¢ M, £ =+ 1. (It is possible to ascertain that the points B.q, B_; and D lie within the triangle
C_1AC41. Below, taking into account the symmetry of the entire picture about to the ordinate axis, we will confine ourselves to considering
of the case e=+ 1.

The condition A € M is ensured by the inequality a = Wr/(r—khp) < kI, which, in turn, is equivalent to condition (2.7).
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In order to check the condition C,; € M, we will present the coordinates of point C,; in the form

X, +0(h), y. =y +O(h")

=
1l

Crk-ho(1+ K2+ 1)) kh(r(p +0) - Ip)
¢ = rk—2hp Ve T T 2k

(Note that, from the conditions h<(2kp)~'rand k? > (1 + +/5)/2, it follows that rk>2hp).

An hyg, hg >0 exists, such that, when he(0, hg), the condition (xc, y.) € int M implies the required relation C.; =(X¢, yc)eM, i.e., Cvy eM
(int M denotes the interior of M). The condition (X, y.) € int M is equivalent to the system of inequalities y. > 0, kx; + ¥y < kl, which are
transformed into

Ur<1l+y, Ur<yJki+1-1 (2.10)

By virtue of condition (2.6), inequalities (2.10) are simple corollaries of condition (2.7).
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